ON THE CAUCHY-RASSIAS INEQUALITY AND 
LINEAR n-INNER PRODUCT PRESERVING MAPPINGS 
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Abstract. We prove the Cauchy-Rassias stability of linear n-inner product pre- 
serving mappings in n-inner product Banach spaces. We apply the Cauchy-Rassias 
inequality that plays an influential role in the subject of functional equations. The 
inequality was introduced for the first time by Th.M.Rassias in his paper entitled: 
On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.Soc. 
72(1978), 297-300. 



1. Introduction 

Let X and Y be Banach spaces with norms || • || and || • ||, respectively. Consider 
/ : X — > Y to be a mapping such that f{tx) is continuous in t G K for each 
fixed x G X. Th.M. Rassias [23] introduced the following inequality, that we call 
Cauchy-Rassias inequality : Assume that there exist constants 9 > and p G [0, 1) 
such that 

(*) \\f(x + y) - /(*) - f(y)\\ < + \\y\\ p ) 

for all i,|/6 I. Rassias [23] showed that there exists a unique M-linear mapping 
T : X —>Y such that 

\\m-T(x)\\<^^\\x\\ p 

for all x G X. The inequality (*) has provided a lot of influence in the development 
of what we now call Hyers-Ulam-Rassias stability of functional equations. Begin- 
ning around the year 1980 the topic stability of linear functional equations has been 
studied by a number of mathematicians (see [7], [8] and [ll]-[27]). 
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Jun and Lee [9] proved the following: Denote by cp : X \ {0} x X \ {0} — > [0, oo) 
a function such that 

for all x, y G X \ {0}. Suppose that / : X — > F is a mapping satisfying 

l|2/(^)-/(x)-/(y)||< V (x,y) 

for all x,n G X \ {0}. Then there exists a unique additive mapping T : X — > F 
such that 

||/(x) - /(0) - T(x) || < 1 (<p(x, -x) + <p(-x, 3s)) 
for all x G X \ {0}. 

Let X and F be complex Hilbert spaces. A mapping / : X — > F is called an 

inner product preserving mapping if / satisfies the orthogonality equation 

(f(x)J(y)} = (x,y) 

for all x, y G X. The inner product preserving mapping problem has been investi- 
gated in several papers (see [2]-[4]). 

In this paper, we prove the Cauchy-Rassias stability of inner product preserving 
mappings in Hilber spaces, introduce the concept of n-inner product Banach space 
and establish the Cauchy-Rassias stability of linear n-inner product preserving 
mappings in n-inner product Banach spaces. 

2. Cauchy-Rassias stability of inner product 
preserving mappings in hllbert spaces 

In this section, assume that X is a complex Hilbert space with norm 1 1 • 1 1 , and 
that F is a complex Hilbert space with norm || • ||. 

Theorem 2.1. Let f : X — > F be a mapping with /(0) =0 for which there exists 
a function <p : X x X — > [0, oo) such that 

oo ^ 

(2.i) (p(x, y) := 2j<P(? jx > 23 V) < °°> 

3=0 

(2.h) ||/(//x + ny) - nf(x) - nf(y) || < ip(x, y), 

(2-iii) | (f(x)J(y))-(x,y) \<<p(x,y) 
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for all fj, G T 1 := {A G C ! |A| = 1} and all x,y G X. Then there exists a unique 
inner product preserving mapping U : X — > Y such that 

(2.iv) \\f(x)-U(x)\\<^(x,x) 
for all x G X . 

Proof. By the same reasoning as in the proof of [21, Theorem 2.1], it follows from 
(2.i) and (2.ii) that there exists a unique C-linear mapping U : X — > Y satisfying 
(2.iv). The C-linear mapping U : X — ■» Y is given by 

(2.1) U(x) = lim i/(2*s) 

for all x £ X. 

It follows from (2. hi) that 

| (^f(2 l x),±f(2 l y))-(x,y)\ = ± ! \ (f(2 l x)J(2 l y)}-(2 l x,2 l y) | 

< ^<p(2 l x,2 l y) < ^tptfx^y), 
which tends to zero as I — > oo for all j,|/6lby (2.i). By (2.1), 
(tf(aO,tf(y)> = ^(1/(2^,1/(2^)) = (x,y> 
for all x,y E X, as desired. □ 

Corollary 2.2. Let / : X — > Y" 6e a mapping with /(0) = /or which there exist 
constants 6 > and pG [0,1) swc/i £/iai 

||/(^ + A*i/)-A*/(x)-A*/(y)ll < W + llvll p ), 

| (/(x),/(y))-<x,y) |<^(|M|"+||y|n 

/or a// /i G T 1 and all x,y G X. XTien i/iere exists a unique inner product preserving 
mapping U : X — > Y suc/i £/ia£ 

9/9 

ll/(x)-l/(x)||<2^||x|r 

/or all x <E X . 

Proof. Define (p(x,y) = 0(||x|| p + ||y|| p ) to be Th.M. Rassias upper bound in the 
Cauchy-Rassias inequality, and apply Theorem 2.1. □ 
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Theorem 2.3. Let f : X — > Y be a mapping with /(0) = for which there exists 
a function cp : X \ {0} x X \ {0} — > [0, oo) swc/i i/iai 

OO 

(2.v) <f{x,y) := ^ — -ip(3 J x,3 J y) < oo, 

(2-vi) || 2 /(^±^) - M /(x) - M/(Z/)II < <P(X,V), 

(2-vii) | (f(x),f(y))-{x,y) | <¥>(z,y) 

/or a// /i G T 1 anrf all x,y G X \ {0}. XTien i/iere exists a unique inner product 
preserving mapping U : X — > 1" swc/i £/ia£ 

(2.viii) ||/(x)-*7(x)|| < ^(£(x,-x) + £(-x,3x)) 

/or «HiGl\{0}. 

Proof. By the same reasoning as in the proof of [11, Theorem 2.5], it follows from 
(2.v) and (2.vi) that there exists a unique C-linear mapping U : X — > Y satisfying 
(2.viii). The C-linear mapping U : X — > Y" is given by 

(2.2) £/(x) = lim I/(3'x) 

for all x G X. 

It follows from (2.vii) that 

| (i/(3^),l/(3^))-(x,y) | = ^| (f(3 l x)J(3 l y)}-(3 l x,3 l y} \ 

<^(3'x,3 z y)<^(3 z x,3 z y), 
which tends to zero as I — > oo for all i, y 6 X by (2.v). By (2.2), 
(£/(x),*7(y)> = z hm(i/(3^),i/(3'y)) = (x, y) 
for all x, y G X, as desired. □ 

Corollary 2.4. Let / : X — > Y~ 6e a mapping with /(0) = /or which there exist 
constants 9 > and p G [0,1) swc/i t/iat 

| (f(x),f(y)}-(x,y) \ < e(\\x\\^ + \\y\n 
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for all fj, G T 1 and all x,y G X \ {0}. Then there exists a unique inner product 
preserving mapping U : X — > Y such that 

\\m-u(x)\\<j^0\\x\\" 

for allxeX\{0}. 

Proof. Define <p(x,y) = 9(\\x\\ p + ||y|| p ), and apply Theorem 2.3. □ 

Theorem 2.5. Let f : X — > Y 6e a mapping with /(0) =0 /or which there exists 
a function ip : X \ {0} x X \ {0} — > [0, oo) swc/i that 

oo 

(2-ix) X>*V(£> Jj> < °°' 

(2.x) ||2/(^±^) - - M/(Z/)II < 

(2-xi) | (f(x),f(y))-(x,y) \<<p{x,y) 

for all [i G T 1 and all x,y G X \ {0}. TTien i/iere exists a unique inner product 
preserving mapping U : X — > Y such that 

(2-xh) ||/ (a; )_^( x )||<^|,_|) + ^_| ja; ) 



/or all x <E X \ {0}, where 



(p(x,y) :=X] 3J V(^' Jj) 
i-o 

/or all x,y e X \ {0}. 
Proof. Note that 

(2-3) 3 7 ) < 3 VCgjJgj) 

for all x,y (z X and all positive integers j. By the Jun and Lee's theorem [9, 
Theorem 6], it follows from (2.ix), (2.3) and (2.x) that there exists a unique additive 
mapping U : X — > Y satisfying (2.xii). The additive mapping U : X — > y is given 
by 

(2.4) (x) = lim 3 l fQ 
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for all x G X. By the same method as in the proof of [11, Theorem 2.5], one can 
show that the additive mapping U : X — > Y is C-linear. 
It follows from (2.xi) that 

I (37(|),37(|))-(-,y) l = 3 2 *| (/(|),/(|))-(|,|) l<3 2 V(|,|), 

which tends to zero as I — > oo for all xjGlby (2.ix). By (2.4), 

(u(z),u(v)) = ,!™< 3 '/(^)' 3i /(|r)> = 

for all i,i/Gl, as desired. □ 

Corollary 2.6. Let / : X — > F be a mapping with /(0) = /or which there exist 
constants 6 > and pG (2, oo) swc/i i/ia£ 

|| 2/( ££+W) _ „ /(x) _ < ^ ( || x ||p + || y || P)j 

| (/(x),/(y)>-(x,y> |<tf(||x|r+||y||') 

/or a// /i G T 1 anrf all x,y G X \ {0}. TTien i/iere ezzste a unique inner product 
preserving mapping U : X — > 1" swc/i i/ia£ 

QP _1_ Q 

ll/(*)-^)ll<|^« 

/or «HiGl\{0}. 

Proof. Define <p(x,y) = ^(||x|| p + |M| P ), and apply Theorem 2.5. □ 

3. CaUCHY-RASSIAS STABILITY OF LINEAR n-INNER PRODUCT 
PRESERVING MAPPINGS IN n-INNER PRODUCT BANACH SPACES 

We first recall the notion of n-inner product space. 

Definition 3.1 [5]. Let X be a complex linear space with dim A 7 " > n > 2 and 
(•,• | •,•••,•) : X n+1 — > C be a function. Then (X, (•,• | •,•••,•)) is called an 
n-inner product space if 

(nil) (x,x | x 2 , ■ ■ ■ ,x n ) > 0, 

(nl 2 ) ( X •, X I X 2 7*"" 5 ^ 77, 

) = Oif and only i£r, X2, ■ • • ,x n are linearly dependent, 
(nl 3 ) (x,y | x 2 , • • • ,x n ) = (y,x \ x 2r ■ ■ ,x n ), 

(nl 4 ) (x,y ] x 2 , • • ■ ,x n ) = (x,y \ x h ,- ■ ■ ,x jn ) for every permutation (j 2 , ■ • • j n ) 
of (2, ••• ,n), 

(nl 5 ) (x,x | x 2 ,x 3 ,--- ,x n ) = (x 2 ,x 2 \x,x s ,--- ,x n ), 

(nl 6 ) (ax, y \ x 2 , ■ ■ ■ , x n ) = a(x, y \ x 2 , ■ ■ ■ , x n ), 

(nl 7 ) (x + y,z\x 2 ,--- ,x n ) < (x,z\x 2 ,--- ,x n ) + (y,z\ x 2 , ■ ■ ■ ,x n ) 
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for all a G C and all x, y, z, x\, • • ■ , x n G X. The function (•, 
n-inner product on X. 



, •) is called an 



The concept of n-inner product was introduced in [1] for n = 2 and in [10] for 
n > 2. 

For instance, on a given inner product space with inner product ( , ), one can 
put an n-inner product by defining (x,y \ X2, 



det 



/ (x,y) (x,x 2 ) 
(x 2 ,y) (x 2 ,x 2 ) 



, x n ) to be 
(x, x n ) \ 

(X2,x n ) 

{x n , x n ) . ) 



\{x n ,y) (x n ,x 2 ) 

Definition 3.2. An n-inner product and normed (respectively, Banach) space X 
with n-inner product (•, • | •, • • • , -)x and norm || • || is called an n-inner product 
normed (respectively, Banach) space. 

For example, if (X, (•, • | •)) is an n-inner product space, {oi, • • • , a n } is 

a fixed linearly independent set and k > then (x,y) := k (x,y \ 

{i 2 ,--- ,*n}C{l,"- ,n} 

J is an inner product on X (see [6]) and so X equipped with the norm 
induced by this inner product is an n-inner product normed space. 

In the rest of this section, assume that X is an n-inner product Banach space 
with n-inner product (•, • | -)x and norm || • ||, and that Y is an n-inner 

product Banach space with n-inner product (•, • | •, • • • , -)y and norm || ■ ||. 

Theorem 3.1. Let f : X — > Y be a mapping with f(0) =0 for which there exists 
a function <p : X n+1 — > [0, oo) such that 



(3.i) 
(3.ii) 



(3-iii) 



<p(x , ■■■ ,x n ) :=^2 -^jVi^^o, ■■■ , 2 J x n ) < oo, 



j=0 



Wfi/ixo + iixi) - nf(x ) - fif(xi)\\ < ipixo^x, 0, • • • ,0), 



n—l times 



(fM,fM I f(x 2 ),--- ,f(x n )) Y - (XO^X! \X 2 ,--- ,Xn)x 



for all /i G T 1 and all xq, • • • , x n G X. Then there exists a unique C-linear n-inner 
product preserving mapping U : X — > Y such that 



(3-iv) 



\\f(x)-U(x)\\<^(x,x,0 1 _^_0) 

n—l times 
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for all x G X . 

Proof. By the same reasoning as in the proof of [20, Theorem 2.1], it follows from 
(3.i) and (3.ii) that there exists a unique C-linear mapping U : X — > Y satisfying 
(3.iv). The C-linear mapping U : X — > Y is given by 

(3.1) U(x) = lim I/(2*s) 

for all x G X. 

It follows from (3. hi) that 

| (1/(2^0)^/(2^) \^f(2 l x 2 ),...,^f(2 l x n )) Y 

- (x ,xi I x 2 ,- ■ ■ ,x n ) x I 

1 



(f(2 l x )J(2 l x 1 ) | /(2<x 2 ),-- - ,/(2 J x n ))y 



- (2 t x ,2 l x 1 | 2<x 2 ,--- ,2'x n ) x | 

- ^^( 2 ^o, • • • , 2 J x n ) < 7^(2^0, • • • , 2'x n ), 
which tends to zero as / — > oo for all x , • • • , x n G X by (3.i). By (3.1), 
(*7(x ),tf(a;i) | U(x 2 ),--- ,U(x n )) Y 

= (x , xi | x 2 , • • • , x n )x 
for all xo, • • • , x n G X, as desired. □ 

Corollary 3.2. Let f : X — > F 6e a mapping with /(0) = /or which there exist 
constants 9 > and p G [0,1) swc/i t/iat 

n/(^xo + /ixo - /x/(x ) - ^/(xon < ^(iix ir + ikiin, 



n 



I (f(xo)J(xi) I /(x 2 ),--- ,/(x n ))y - (x ,Xi | X 2 ,-- - ,X n ) X | <9 ^ 

j=0 

for all [i G T 1 and all xq, ■ ■ ■ , x n G X. T/ien t/iere exists a unique C-linear n-inner 
product preserving mapping U : X — > V swc/i t/iat 

||/(a:)-t/(x)||< 23^INI P 

/or all x <E X . 

Proof. Define </?(x , • • • , x n ) = 6>^™ =0 to be Th.M. Rassias upper bound in 

the Cauchy-Rassias inequality, and apply Theorem 3.1. □ 



n-INNER PRODUCT PRESERVING MAPPINGS 



9 



Theorem 3.3. Let f : X — > Y be a mapping with /(0) = for which there exists 
a function cp : (X \ {0}) n+1 — > [0, oo) such that 

oo ^ 

(3.v) (p(x , ■ ■ ■ , x n ) := ^2 gJ^C^^o, • • • , 3 J x n ) < OO, 

( 3 .vi) || 2 /(^±i^i) _ tf( XQ ) - rf( Xl )\\ < ip^xu 1 _^_0), 

n — l times 

I (fMJ(xi) | f{x 2 ),--- ,f(x n )) Y - (x ,xi I x 2 ,--- ,x n ) x I 
(3.vii) < ¥>(x , • • • 

/or all fj, G T 1 and a// xo, • • • ,x n e X \ {0}. T/ien t/iere exists a unique C-linear 
n-inner product preserving mapping U : X — > Y~ swc/i £/iai 

(3.viii) < ^(^(x,-x,0 1 _^0)+^(-x,3x,0 1 _^0)) 

n — 1 times n — l times 

for allxeX\{0}. 

Proof. By the same reasoning as in the proof of [20, Theorem 2.5], it follows from 
(3.v) and (3.vi) that there exists a unique C-linear mapping U : X — > Y satisfying 
(3.viii). The C-linear mapping U : X — > Y is given by 

(3-2) U(x) = lim i/(3^) 

for all x <E X. 

It follows from (3.vii) that 

- (x ,xi I x 2 ,- ■ ■ ,x n ) x I 

= (m l x )J(3 l x 1 ) | f(3 l x 2 ),--- J(3 l x n )) Y 
- (3 l x , 3 l xi | 3 l x 2 , • • • , 3 l x n ) x | 

- ^^t 3 ^ ' " ' ' 3 ^™) - ^(3^o, • • • , 3'x n ), 
which tends to zero as / — > oo for all xo, • • • , x n E X by (3.v). By (3.2), 

(U(x ),U(x 1 ) | ?7(x 2 ),... ,U(x n )) Y 

= \\m o (^f(3 l x )^f(3 l x 1 ) | I/(3^ 2 ),.-. i/(3'i„))y 
= (xo, X\ I x 2 , • • • , X n )x 
for all xo, • • • , x n £ X, as desired. □ 
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Corollary 3.4. Let f : X — > Y be a mapping with /(0) = for which there exist 
constants 6 > and p G [0,1) swc/i that 

|2/( F0 I F1 ) - m/(x ) - ^/(xoii < fl(iix ir + ii^m, 



(fM,f(xi) | /(X 2 ), • • • , f(x n )) Y - (XQ, X! | X 2 , • • • , | <9 ^ 

3=0 



It -IIP 

%AJ 1 



for all fj, G T 1 and aZZ xo, • • • ,x n G X \ {0}. TTien t/iere exists a unique <£-linear 
n-inner product preserving mapping U : X — > F swc/i £/iai 

Q _|_ QP 

ll/(z)-tf(*)ll< 

/or all x & X. 

Proof. Define <p(xo, ■ ■ ■ ,x n ) = @Y^=o \ \ x j\\ P i an d a PPly Theorem 3.3. □ 

Theorem 3.5. Let f : X — > Y be a mapping with /(0) = for which there exists 
a function cp : (X \ {0}) n+1 — > [0, oo) such that 

oo 

(3-ix) E 32n Mt'---'t )<°°. 

( 3. x ) ||2/( ^o + ^ 1 ) _ _ ^ /(a;i)|| ^ o^o }) 

n— 1 times 

I (fM,f(xi) | /(X 2 ), • • • , f(x n )) Y - (X , X X I X 2 , • • • , | 

(3.xi) < v?(x , • • • ,x n ) 

for all fj, G T 1 anrf all xq, - • • ,x n G X \ {0}. XTien t/iere exists a unique C-linear 
n-inner product preserving mapping U : X — > F swc/i i/iai 

(3.xii) ||/(x)-CZ(a;)|| < ^(|, -|, 0, • • • ,0) + 0, • • • ,0) 

3 3 ^ v ' 3 „ ' 

n— 1 times n— 1 times 

/or all x & X \ {0}, where 

oo 

i=o 

/or a// Xq, • • • ,x n EX. 
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Proof. Note that 



(3.3) 3V(^, •••,—)< 3 2n V(^, • • • , ^) 
v y 3-? 3-? 3-? 3-? 

for all xo, • • • , x n G X and all positive integers j. By the same reasoning as in 
the proof of Theorem 2.5, it follows from (3.ix), (3.3) and (3.x) that there exists 
a unique C-linear mapping U : X — > Y satisfying (3.xii). The C-linear mapping 
U : X — > Y is given by 

(3.4) U(x) = lim 3'/(S) 

for all x E X. 

It follows from (3.xi) that 



(37(f),37(f)|37(f),"-,37(|?))r 



5 2n 'l (f&),fQ) I /(^),---,/(^)>y 



X£ Xi X2 Xn_ 



which tends to zero as / — > 00 for all Xo, • • • , x n G X by (3.ix). By (3.4), 



(?7(xo),C/(xi) I U{x 2 ),--- ,U{x n )) 



Y 



= ^(37(f),37(|)|37(f),--- ,3'/(|f)>y 

= (^0,^1 I ^2, • • • ,^n)x 

for all xo, • • • , x n G X, as desired. □ 

Corollary 3.6. Let f : X ^ Y be a mapping with f(0) = for which there exist 
constants 6 > and p G (2n, 00) such that 



(/(aJo), /(a?i) I /M, • • • , f(x n )) Y - (x , x x \ x 2 , • • • , z n )x I ^ 

J=0 



|Xj| 



/or aZZ /i G T 1 and 0// xo, • • • ,x n G X \ {0}. T7ien t/iere exists a unique C-linear 
n-inner product preserving mapping U : X — > F swc/i £/iai 

QP _|_ Q 

||/(x)-^(x)||<|^« 
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for allxeX\{0}. 

Proof. Define <p(xo, • • • ,x n ) = @Y^j=o ll x j'll P 5 an d apply Theorem 3.5. □ 

Acknowledgment. We sincerely thank Professor Themistocles M. Rassias for 
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